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Abstract 
 
A new scenario for capture, bunching and phase-energy rotation of µ’s from a proton source is 
explored.  In an initial example, it consists of a drift section, a changing frequency ~300→~200 
MHz bunching section, followed by a fixed or changing frequency (~200 MHz) φ-δE rotation 
section.  The system is a preferred alternative to the induction linac + buncher scenarios 
developed for the neutrino factory feasibility studies.  The total rf required for this system is 
relatively modest, it uses established technology, and it should be substantially less expensive 
than previous induction linac or low-frequency systems.  It would also simultaneously capture 
both positive and negative muons in similar bunch trains.  Optimization and variations are 
discussed; the concept can work for a wide range of rf frequencies and bunch train lengths. 
 
1. Introductio 
 
The muon collaboration is exploring possible applications of muon beams in future high-energy 
colliders and neutrino sources.[1, 2, 3, 4]  In these scenarios muon bunches are cooled, 
accelerated and then stored in multi-GeV storage rings. The muons are created from short, intense 
proton bunches incident on a high-density target, producing pions which are captured in a 
focusing transport and decay, that then form short muon bunches with a broad initial energy 
spread.   
 Following the transport capture, the muon beams must be matched into the following cooling 
and/or acceleration systems.  The initial step is to reduce the energy spread.  In the collider 
studies [1, 2] this is done by phase-energy rotation using low-frequency rf (~30 MHz), which is 
matched into a low-frequency initial cooling system.  For the ν-factory scenarios, [1, 3, 4] an 
induction linac is used to to decelerate the high-energy “head” and accelerate the low-energy 
“tail” of a muon bunch, obtaining a long bunch (~30-100m) with small energy spread (~10 MeV).  
This is trapped into a train of 200 MHz bunches, which is then injected into a 200 MHz cooling 
system.  (~200 MHz rf systems may be an optimum in cost/acceptance for cooling.)  Both of 
these methods require development and construction of large and expensive novel acceleration 
systems, with gradients and total voltages substantially larger than currently available.  
 More recently, a variant capture and phase/energy rotation system using only ~200MHz rf has 
been developed.[5, 6]  In this variant, the muons first drift, lengthening into a long bunch with a 
high-energy “head” and a low-energy “tail”.  Then, the beam is transported though an “adiabatic 
buncher”, a section of rf cavities that gradually increase in gradient and decrease in frequency 
(from ~300 to ~200MHz).  The rf wavelength is fixed by requiring that reference particles at 
fixed energies remain separated by an integer number of wavelengths.  This forms the beam into a 
string of bunches of differing energies (see fig. 4). Following the buncher, the beam is transported 
through a high-gradient “rf rotator” section that performs a phase-energy rotation that aligns the 
bunches to (nearly) equal central energies, suitable for injection into a fixed-frequency ~200 MHz 
cooling system.  (The method has the significant advantage of obtaining trains of both positive 
and negative muons from the same system.) 
 This high-frequency bunching and phase-energy rotation uses present technology and should 
be much more affordable than low frequency options.  Much more simulation and optimization 
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study is needed to determine whether it traps sufficient useable muons for cooling and 
acceleration.  Fully realistic simulations of the 6-D phase space dynamics for a neutrino factory 
must be completed and reoptimized.  However, from the present analysis we believe the approach 
will have effective performance, and should be established as the baseline initial section of 
neutrino factory design. 
 
2. Example: Capture into 200 MHz for a Neutrino Factory  
 
To illustrate the method and its components, we discuss its application to a reference problem of 
forming a muon bunch with large energy spread into a long string of bunches matched into 
~200MHz rf, and present 1-D simulations of the process, tracking the longitudinal phase–energy 
motion. 
   
2.1  Drift +Adiabatic Buncher 
 
We set an initial reference kinetic energy T0 = 125MeV. With mµc2 =105.66 MeV, we find 

  12497.1
)cm()cmT(

cmT1
2222

0

2
0

0
=

−+

+
=

β
µµ

µ ,    

where β = v/c.  The reference momentum P0 = ((T0 + mµc2)2 – (mµc2)2)1/2 /c  = 205.37 MeV/c. The 
rf  frequency and phase would be set so that the reference particle passes through at zero phase. 
 To set a bunch timing spacing to ~200MHz (λrf = 1.5m) at the end of the drift + buncher, we 
require 
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Here Ltot is the total distance from the target (the muon source) to the end of the drift + buncher 
section.  If we set Ltot = 150m, we then require that the reference difference of inverse β’s, δ(1/β), 
is given by δ(1/β) = 0.01. If the 200 MHz rf  cavity at z = 150m is set to have zero phase when 
the reference particle passes through it, then other test particles which differ in the parameter 
(1/β) by integer multiples of 0.01 will pass at zero phase (integer × 360° away).  The complete 
buncher contains a string of rf cavities starting from an initial position z = z0, continuing up to z = 
Ltot.   The reference particles of the bunches would all remain at zero phase if  the wavelength of 
each cavity is given by: 
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and the reference particle remains at zero phase.   
 For the initial reference example, we start with a drift with a length of z0 = 90m, during which 
the muons develop a position-energy correlation (see fig. 2A), and follow it with a 60m long rf 
buncher.  At δ(1/β) = 0.01, we find that the frequency of the rf begins at 333MHz (λrf = 0.9m) 
and reduces to 200 MHz along the buncher.  If the rf gradient increases gradually along the 
buncher, the beam can be adiabatically captured into a string of bunches, each of them centered 
about test particle positions with energies determined by the δ(1/β) spacing: 
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For the reference example, we choose a quadratic increase in gradient: 
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(In future reoptimizations, linear increases in gradient, and other dependences, as well as changes 
in final gradient magnitude can be considered.) 
 Fig. 2B shows 1-D simulation results of beam at the end of this buncher.  The beam is formed 
into a train of different energy bunches. 
  
2.2  “Vernier” Rf Rotator 
 
The rf in the section following the buncher is used to form the string of different-energy bunches 
into a string with (approximately) the same central energies.  In this section we describe the 
vernier rotation mechanism and illustrate the process in the reference example.   

In initial implementations of the high-frequency capture concept, the rf frequency was fixed 
at the end of the adiabatic buncher, and high-gradient rf was applied to obtain a rotation of the 
central energies of the bunches, obtaining approximately constant central energies of bunches 
near the reference bunch after ~1/4 synchrotron oscillations.  In 3-D simulations (6-D phase 
space), Van Ginneken noted that capture was somewhat improved if the rf frequency is tuned to 
remain slightly greater (~1%)  than the bunch spacing frequency, and if that ratio is maintained 
until the bunches are roughly aligned in energy.[7]  In this paper, we simplify and quantify this 
“vernier rotation” procedure within 1-D simulations and present it as the preferred scenario for 
high-frequency rotation. 

In this initial reference example, we keep the buncher reference particle (T0= 125MeV) and 
choose as a second reference particle the buncher test particle at n = 10.  This particle has 1/β10 = 
1/β0 + 10 δ(1/β) = 1.22497, or T10 = 77.281 MeV. This test particle initially trails the first 
reference particle by ∆ct = 10λrf = 15m. For vernier bunching, the first reference particle remains 
at zero phase, but the rf wavelength is changed to place the second particle at an acceleration 
phase.   For the initial reference example, this is done by setting λrf = ∆ct/10.1, which then places 
the second reference particle (which is the center of bunch 10) at φ10 =36° phase.  δλ/Nλrf, 
defined as the vernier offset parameter is 0.1/10 for this case.  Through the length of the vernier 
rotator, the rf wavelength is changed to maintain this phase, which means the reference particle 
energy changes following: 

 
R10rf10R10 z)sin(Ee)0(T)z(T φ+=  , 

 
where zR indicates distance within the rotator.  Other test particles corresponding to other bunches 
would show proportional changes (φn ≅  φ10 n/10).  For the reference case, we choose Erf = 10 
MV/m, and choose a rf rotator insert length of zR,final = 7.84m , at which distance T10 ≅  T0, and the 
bunches are aligned with nearly equal energies.  Simulation results showing beam at the end of 
the rotator (beginning of cooler) are shown in fig. 2C.  Over the length of the rotator, λrf increases 
from 1.485 to 1.517m.  

At the end of the rotator, the muon bunches are aligned in energy, and can be matched into a 
constant-frequency cooler.  The rf frequency of the cooler should be rematched to place all 
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bunches at the same phase, which means that the rf phase spacing between the reference particles 
should become integer (∆ct = 10λrf).  In the reference example, this means increasing λrf to 
1.532m. 

The vernier rotation produces more uniform bunch energies than the fixed-frequency rotation. 
Since the applied rf voltages are sinusoidal rather than linear, and the initial bunch position-
energy distribution is also not fully linear, we do not expect completely uniform bunch energies 
after rotation.  However these nonlinearities are of opposing signs and cancel somewhat in the 
rotation. (Rotation parameters could be fine-tuned to improve the cancellations.) Also, while a 
high-gradient rotation is desirable with a fixed-frequency rotator, it is not needed with the vernier 
rotator; similar rotation could be obtained with a longer, lower gradient rotation.   
 Note that the choice of second reference particle is somewhat arbitrary; the central particles 
of any other bunch could have been used, and the same results would be obtained, if proportional 
vernier offsets are used.  The vernier offset ratio could also be changed from δλ/Nλrf = 0.1/10 to 
something larger or smaller. A smaller value could enable a larger range of linear bunches, but 
require a longer rf rotation insert. 
  
2.3 Discussion 
 
In the above simulations we have used only one sign of muons in the capture and phase rotation, 
even though the initial target produces both µ+ and µ- in nearly equal amounts.  Half-way between 
each of the stable phases for one sign of µ’s,  there is a stable phase for the opposite sign, and the 
same buncher would obtain strings of µ-bunches of both signs.  The vernier rf rotation would also 
function similarly for both signs, and the combined buncher + rotator would produce trains of 
both µ+ and µ- bunches, 180° apart in phase, of similar intensities.  This is unlike the low-
frequency phase rotations of refs. [1-4], which can only capture one polarity. 
 In this initial example, we have arbitrarily set many system parameters, and these parameters 
can be greatly varied in future optimizations.  We list some of these key parameters to invite 
consideration of variations:  
1. Drift: The key parameter is the length of the section, z0, which was arbitrarily set initially to 

90m.  
2.  Buncher: The length of the section (LB = Ltot – z0), the bunching gradient Erf(z), the reference 

particle energy T0, and δ(1/β) bunch spacing can be varied. The rf wavelength at the end of 
the buncher is λrf = Ltot δ(1/β).    

3. φ-δE rotation:  The length and rf voltage of the phase rotation section (zR,final and Erf) are the 
key parameters. Also the reference particle energies (T0, TN) and the vernier parameter 
δλ/(Nλrf) can be changed.  

4. Cooling System:  The effectiveness of the muon capture is finally determined by the match 
into the following cooling and /or acceleration systems.  The key parameters of the cooling 
system are the rf frequency, the rf voltage, and the absorber energy loss rate, which set the 
longitudinal dynamics, and the transverse focusing, which determines the transverse cooling 
limits. These can be varied to improve overall performance. 

 In the initial example we have separated the adiabatic buncher and the φ-δE rotation into 
separated consecutive systems.  It may be possible to combine these functions into a single 
system, or to design a more gradual transition between the two functions.  It is not known 
whether that would improve or degrade performance from that of a separated design.  
 
3. Review of 3-D simulations 
 
The present system was first discussed in a simplified 1-D simulation of the longitudinal motion.  
It is recognized that that the low energy muons from a target have large transverse momenta, and 
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therefore have largely nonparaxial motion.  Also the nonlinear fields in the focusing magnets and 
the rf cavities can be important.  The 3-D motion can be substantially different from that 
indicated by 1D simulations.  Therefore, simulations in several 3-D codes have been initiated.   
 
 
 
 
3.1 SIMUCOOL and ICOOL simulations 
 
Initial 3-D simulations were obtained using A. Van Ginneken’s simulation code SIMUCOOL.[7] 
In these simulations a constant solenoidal field of 1.25T was used for focusing, and rf cavities 
with sinusoidal wave forms were placed at 1m intervals in the buncher and 0.8m intervals in the 
φ-δE rotator.   
 Initial π-distributions were generated using the MARS particle production simulation 
code,[8] where production in a mercury target by a 24 GeV proton beam was assumed.   The code 
SIMUCOOL was designed to track large numbers of particles, and that property was used in 
optimization, particularly in the φ-δE rotator.  In these simulations it was noted that muon capture 
was somewhat improved by varying the rf frequency within the φ-δE rotation, and the large 
statistics was used to obtain a vernier-based optimum.  
 The SIMUCOOL simulations were then verified using the Muon Collaboration reference 
transport and cooling simulation code ICOOL,[9] where “more realistic” pillbox rf cavity models 
were used.  The two codes produced nearly identical results. 
 In figs. 3A and 3B, we present longitudinal projections of µ-beam from SIMUCOOL 
simulations results, displaying beam at the end of the adiabatic buncher, (fig. 3A) and beam at the 
end of a vernier φ-δE rotation (fig. 3B).  the beam is formed into a string of bunches by the 
adiabatic buncher and the bunches are “rotated” to  obtain (nearly) equal central energies by the 
vernier φ-δE rotator.    
 
3.2 GEANT4 simulations 
 
Some simulations were also performed using Geant4[10] by Elvira and Keuss.[11, 12]  Geant4 is 
designed to provide accurate and detailed 3-D simulations of particle motion through realistically 
determined electromagnetic fields that include all particle-material interactions. In the  
simulations, the magnetic fields are determined by current coils in the 3-D geometry (designed to 
obtain ~1.25T solenoidal fields.), and acceleration fields are determined by the electromagnetic 
fields in multicell pillbox cavities.  Fig. 4 shows the geometry of a 6m segment of magnets with 
an rf cavity used in the simulations.     
 The simulations explored the question of the degree of granularity required for the bunching; 
that is, the number of different rf-frequency cavities required for multibunch formation.  In initial 
simulations one cavity was placed in every meter of the buncher; this requires 60 rf frequencies.  
In simulations this was varied to 20 cavities (3m spacing), and 10 cavities (6m spacing).  All 
three systems were able to provide adequate adiabatic bunching, with the 10-frequency case 
provided slightly inferior bunch formation. (This was in qualitative agreement with 1-D 
simulations, which showed no significant degradation in bunch formation until the number of 
cavities was reduced to ~12 or less.) 
 The bunching studies were followed by a successful simulation of fixed-frequency φ-δE 
rotation.  Future simulations should include vernier φ-δE rotation, matching into a cooling 
channel, and reoptimization to determine accurate performance calculations. 
 
3.3 ICOOL simulations with cooling 
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An accurate measure of the buncher-rotator effectiveness requires matching into the following 
cooling and acceleration systems, and accurate calculations of the resulting complete system 
performance.   To do this properly, a complete cooling system must be designed which is 
matched to the output of the buncher-rotator and reoptimized to the desired cooling output.  We 
have not yet developed a cooling system matched to this capture system. 
 However a 120m long cooling system was designed for the Study II neutrino factory [4] and 
simulated within ICOOL.  To obtain an initial estimate of the possibility of matching into a 
cooling system, we simply took the output beam from the ICOOL simulation of the buncher 
rotator and inserted it into an ICOOL representation of the Study II cooling channel.  This was 
not properly matched. The emittance of the beam exiting the buncher rotator was εT = 0.02m 
normalized, while the acceptance of the cooling channel was εT = 0.012m. (A matched cooler 
would start with initial cells that would cool εT  from 0.02m to 0.012m.)  Transverse motion and 
synchrotron motion was also not properly matched, and transverse-longitudinal correlations were 
not matched.  (A partial transverse match was obtained by matching to 3T rather than 1.25T fields 
in the buncher-rotator.)  The central energy and rf phase were reoptimized to match.   
 Even with the gross mismatches, the ICOOL simulation results were encouraging.  ~40% of  
the µ’s are lost in the initial few cells of the cooling channel, corresponding to the mismatch in 
acceptances.  Following that initial loss, the cooling and losses are very similar to those obtained 
with the Study 2 beam. 
 If we start with µ+ obtained from π+ produced at a Hg target from 24 GeV protons at the 
beginning (initial distributions from MARS simulations) of the drift-buncher-rotator, we obtain 
~0.22 cooled µ+ /p at the end of the Study II cooling channel.  This was only ~5% less than that 
obtained in parallel ICOOL simulations (starting from the same π+’s) of the complete Study II 
system. The complete Study II system included a sequence of 3 induction linacs for nondistorting 
phase-energy rotation, a “minicool” initial cooler, and a buncher matching the beam into the 
cooling channel.  (We note here that the Study II system obtains only one sign of µ’s, but the new 
buncher-rotator-cooler would also produce a nearly equal number of opposite sign µ-‘s.)   Figs. 
5A and 5B display the longitudinal phase space distributions after the complete Study II system 
and after the present buncher rotator scenario using the Study II cooling channel. 
 The muon acceptance is reduced to ~0.16 µ+ /p if the buncher-rotator field is at 1.25T and not 
matched to 3T (The transverse motion is more mismatched.).  Acceptance also appears to be 
reduced if a fixed-frequency rotation be used rather than the vernier rotation.  The results indicate 
the desirability of  properly matched motion, and it is likely that a properly designed and matched 
cooling channel would provide even more success in µ acceptance. 
    
 3.4 Comments 
  
 All of these 3-D simulations have developed results consistent with those obtained within 1-D 
simulations, which may indicate that transverse motion effects are not too important and that 1-D 
simulation studies could be quite useful in determining initial design parameters for future 
systems.  This hypothesis requires further verification.   
 
4. Variations and future directions 
 
The initial example was developed in order to match the Study II neutrino factory design, which 
uses a long train (~100m long) of ~200 MHz bunches to match into a ~200 MHz cooling and 
acceleration design.  The same procedure can be readily adapted to obtain bunches at other 
frequencies (50, 100, 200, or 400 MHz, etc.) and to obtain longer or shorter bunch trains. (1-D 
simulations of these variants have been developed.) The general utility indicates that the method 
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could be used to develop µ-bunches for any neutrino factory scenario, including the CERN and 
JHF neutrino factory scenarios [13, 14].   
 The method may also be adaptable to the somewhat different requirements of a µ+-µ– 
Collider.  For a high-luminosity collider, we require a small number of both µ+ and µ– bunches.  
The method does produce both µ+  and µ– bunches, but would tend to produce a large number of 
bunches.  Scenarios with a more limited number of initial bunches, plus some bunch combination 
in the cooling process, may be suited to a collider; appropriate methods should be developed. 
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Figure 1: Schematic view of the components of the system, showing an initial drift, the varying 
frequency buncher, and the phase-energy (φ-δE) rotator leading into a cooling section. π’s would 
be produced by protons on a target at the beginning of the drift, decay to µ’s in the drift, while 
lengthening in phase  the buncher and φ-δE rotator form the µ’s into a string of bunches matched 
into the cooler. 

µ−beam Drift  Buncher Cooler 
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Figure 2A This displays a simulated muon beam after a 90m drift. The initial beam has an energy 
spread of ±85 MeV about a central reference energy of T0 = 125 MeV, and a small initial 
longitudinal spread (0.6m). Horizontal scale is 0 to 0.30 GeV; vertical is-20 to 60m. 
 
                                                                                                                         GeV 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2B. µ-beam after the 90m drift and a 60m adiabatic buncher with δ(1/β) =0.01. The rf 
gradient Erf (z) increases quadratically from 0 to 4.8 MV/m. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2C. µ-beam after the vernier rf rotation(+7.84m long).  The initial reference bunches are 
at 0 and 10λrf with energies of 125 and 77.281 MeV; the vernier parameter is δλ/10λrf =0.1, and 
the rf gradient was Erf = 10 MV/m.  The initial energy spread has been formed into a string of ~40 
bunches. 
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Figure 3A: SIMUCOOL simulation results of beam at the end of a 100m drift +60m adiabatic 
buncher. The beam is initially generated at the target from MARS simulations of 24 GeV  protons 
on a Hg target.  It is then propagated through a drift + an adiabatic buncher forming the beam into 
a string of ~200 MHz bunches. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3B: SIMUCOOL simulation results of beam at the end of a vernier φ-δE rotation. The 
bunches of the previous simulation are lined up with (nearly) equal central momenta. 
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Figure 4. Geometry of a buncher segment as developed for the GEANT4 simulations.  The 6m 
segment includes 4 current coils to produce the 1.25T solenoidal field and 6 pillbox rf cavities in 
the center (to form a 6-cell cavity). The coil radius is at 0.6m.     
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Figure 5A. Longitudinal projection of surviving muon beam after ICOOL simulation of the 
Study II induction linac phase-energy rotation, minicooler, buncher, and cooling channel.  ~1600 
µ+’s out of an initial distribution of 8000 π+’s survive to the end of the channel. (With 1.15 π+’s 
produced per proton, this corresponds to ~0.23 µ+/p.)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5B. Longitudinal projection of surviving muon beam after ICOOL simulation of a drift, 
60m adiabatic buncher, and vernier φ-δE rotation, mismatched and propagated through the Study 
II cooling channel.  ~1530 µ+’s out of an initial distribution of 8000 π+’s survive to the end of the 
channel. (With 1.15 π+’s produced per proton, this corresponds to ~0.22 µ+/p.)   The same initial 
π’s were used in Figs. 5A and 5B.  Both simulations obtain similar bunch trains with similar 
longitudinal and transverse emittances, although the Fig. 5A bunch train is longer and more 
evenly populated. 
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